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Now we have 

WN(d)N(m/d) = Q" £ ( ai _ fl +l)(a 2 -r 2 +l) • • • (a A -r A +l)(n+l)(r 2 +l) 

fj=0 

••■(r*+l) 

= 6 A J (ax - n + l)(n + 1) • • • (a A - r A + l)( fA + 1) 

(2) 
= 6 D [ ai (n + 1) - (r x 2 - 1)] ■ 6 £ [«2(r 2 + 1) - (r S 2 - 1)] 

ri=0 r2=0 



■8Ek(r»+l)-W-l)]. 



E 

The indicated summations can be readily performed. We have 



2^ 0; + 1) = s h «» + 1 = o 

and 

f. ( , u ai(a i +l)(2a i +l) fa + l)(g f + 2)(2a< - 3) 

£0^ ; ~ 6 «» 1 - 6 

Hence 

• £6*fr<+ 1) - W- Dl = 6[ ( ,, ( <*+ 1 f + 2 > _ ( a .+ l)(c+2)(2«,-3) j 

= (a«+l)(a,-+2)(a«+3). 

Substituting for these sums in the last member of (2) and making use of (1), we 
have 

V2N(d)N(m/d) = (at + l)( ai + 2){a x + 3)(« 2 + 1)(« 2 + 2)(« 2 + 3) 

••• K+l)(« A +2)(« A +3) 
= N(m)N(Pm)N(P ,i m). 

197. Proposed by E. T. BELL, Seattle, Washington. 

Show that in the expansion of 

1 + z + z 2 + • • • + z*- 1 , 



(1 - z)"- 1 

where p is a prime, the coefficients of the various powers of z are divisible by p. 
[Eisenstein, Crelle, t. 27, p. 282.] 

Solution by B. F. Yanney, University of Wooster. 

The given expression is evidently equal to (1 — s p )/(l — z) p — 1, which 
may be put in the form (1 — z p )(l — z)~ p — 1. Expanding the second factor 
of the first term and noticing that, since p is prime, the coefficient of each term 
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In the expansion except that of the 1st, the (p + l)th, the (2p + l)th, and so on 
to the (np + l)th, and so on, is divisible by p, we obtain, omitting the terms 
with the divisible coefficients, 

(i-^(i+ ^+» ■;;<»- ■^ + '»+ 1 >- | <»-V +- 

f (j» + 1) ■ ■ ■ ((n + l)y - 1) 



__„..)_ 



{np) I 
Performing the indicated operations, we get 

/ p(p+l)---(2p-l) \ / p(p+l)--.(3p-l) p(p+l)---(2p-l) \ 2p 

V " p! ~ V s + \ " (2p)I "" " _ P\ ~ J* 

/ p(p+l)---((n+l)p-l) p(p+i)...( np -i) \ 

-f-^V (»p)i ((n-i)p)i r + '"' 

The first coefficient may be written [(p+ 1) (p+2) • • • (p+p— 1) — (p— 1) I]/(p— 1) !, 
which is equal to [p^4+(p— 1) !— (p— 1) !]/(p— 1) !, where ^( is a polynomial in p. 
This expression, which is equal to pA/(p — 1) !, and is an integer, as are all the 
coefficients, is plainly divisible by p, since the denominator does not contain p 
as a factor. 

The coefficient of the general term may be changed in form to 



p(p + 1) • • • (np — 1) 
((n-l)p)! 



/ npjnp + 1) • • • (np + p — 1) _ 1 \ 
\[(n-l)p+l][(n-l)p + 2].-.[»p] V' 



The first factor of this is an integer; hence so is the second, which latter can be 
expressed in the form 

(np+l)(np+2)- » »(np+p- !)-[(»- l)p+ !][(»- l)p+2]- • -[(»-l)p+p-l] 
[(n-l)p+l][(»-l)p+2]- • .[(B-Dp+p-1] 

which equals 

(n V B + (p - 1) - ((n - l)pC + (p - 1) !) 
(n - l)pC + (p - 1) ! 

where B and C are polynomials in np and (n — l)p, respectively. Since the 
denominator does not contain p as a factor, but the numerator does, the expression 
is divisible by p, which completes the proof. 

Also solved by Elmer Schuyler, H. C. Fbemstbr and the Proposer. 



